1. ROBOT INVERSE KINEMATICS

This section describes the inverse kinematics of the robot. Figure 1 depicts the kinematic model of the Circle
robotic system. The figure shows the end effector plane, the base plane, and a linkage arm description. The end
effector plane is defined by the points {Ey, E;, Es, E4, Es, E¢}. The base plane is defined by the {B4, B;, B3, B4, Bs, Bg}.
The vector BOgis the translation vector between the base frame and the end-effector frame. The stepper motor
arm length is described by a;, and the length of the link with an RSS configuration connecting the stepper motor
arm to the end effector is s;. The effective link length between the points E; and B; is defined by I;. The base plane
has a origin O at its centre with X, Y, and Z as axes. The effector has an origin O’ at its centre and X, Y,” Z’ as
axes.

Figure 1: Kinematic Diagram of the Circle Robot

Each of the points {B4, B2, B3, B, Bs, Bg} are the points of intersection of the stepper motor shaft axis and
the motor rotation plane. Figure 2 shows the translated frame of reference (X, Y, Z) to a new motor frame
of reference (X”’, Y”’, Z”’). Vector b; with its components {Ax, Ay, Az} is the translation vector between the
two frames of reference. Figure 2 shows just one instance of this translation and can be generalized to all
the motors.

In the motor frame of reference, the motor plane is the plane on which the motor arm rotates. Angle B is
the angle by which the plane is offset in the motor frame of reference, and angle a is the offset angle of
the motor arm from the origin position for the respective motor.
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Figure 2: Description of the motor frame of reference with respect to the base frame origin



The points A;, B and E; have the following coordinate with respect to the base frame of reference as
follows:

Ai = [ Xar Ya' Za] T
Bi = [ Xbr Yb' zb] T
Ei = [ Xe' Ye' ze] T

From Figure 2, we can determine the coordinates for point A; with respect to the base origin are:

X5 = aj.cosa.cosP + Xy —1
Y, = ai.cosa.sinf + Y, _— 2
Z, = ap.sina + Zy, — 3
From Pythagoras theorem, we have,
a? = (Xa= Xp)* +(Ya= Yb)* + (Za— Zb)? — 4
122 (Xe = Xo)? +{(Ye— Yo)2+ (Ze = Z6)? — >
57= (Xe— Xa)2 +{(Yem Yol + (Ze= Z2)? B

substituting equation 4 and 5 in 6, we get

|12 - (Si2 - aiz) = Z(sz + sz + sz) + 2Xa(Xe- Xb) + 2Ya(Ye- Yb) + ZZa(Ze - Zb) - 2(XeXb + YeYp +ZeZb)

Now substituting values of X,, Y, Z, from equation 1,2 and 3, in equation 7 we get
I2- (s — ai%) = 2aisina(Ze — Zp) +2aicosa(cosP(Xe -Xp) + sinB(Ye - Yp))
which is an equation of the form
L = Msina + Ncosa
Using the trigonometric identity for sum of sine waves, we get
asinX + bcosX = csin(X+y)

Where

c =sqrt (a’+b?) and tany = b/a
We thus have a sine function of a with a phase shift of §

L = sqrt(M?+ N2?) sin (o + 8) where & = tan’}(N/M)
Thus

sin(a + &) =[ L /(sqrt(M?+N?)]

Thus

o; = sinY( ) - tan‘l(%)

L
VM2 + N2




Where
L=I2- (s2-a?)
M = 2a; (Ze-Z)
N = 2a; (cosB(Xe -Xs) + sinB(Ye— Ys))

Equation 8 can be used to calculate the required angles of each of the 6 motors using the link geometry
parameters and the end effector coordinates as inputs.
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Figure 3: Position vectors of motor B, and End Effector point E, with respect to base frame, motor frame
and the end effector frame of reference

From figure 3, the position vector q2 which describes the point E; with respect to the base frame of
reference.

q2=80c + BRe.e2 — 9

Here BOgis the translation vector between the base frame of reference and the end effector frame of
reference. BRg is the
rotation matrix for the end effector frame with respect to the base frame of reference.

The vector g can also be written as

g2=ba+1> —FFF 10
Hence, from equations 9 and 10 we can deduce

|z = BOE+ BRE.EZ - bz
This can be generalised to all the linkages as

Ii = BOE+ BRE.Ei - bi — 11

The rotation matrix 8Re for yaw 1 pitch & and Roll ¢ turns out to be:



cosPcos® —sinPcose + cosPsinBsing sinPsing + cosPsinOcose
BRe-| sinicos®  cosyPcos@ + sinPsinOsing —cosPsing + sinPsinOcose
—sin0 cosOsing cosOcos@

Equation 11 can be used to calculate the effective link length of any of the linkages when the yaw pitch and roll
angles of the end effector frame of reference is known with respect to the base frame of reference.



